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The primary reason for writing this booklet was to test a theory
of education that | believe holds great promise. The theory calls
for a mode of teaching that is unguestionably as exciting, chal-
lenging, unpredictable, and hazardous as life itself. When it is
successful, both teacher and student may find that it has given
them the most rewarding kind of mathematical experience they
have ever had.

The technique is very simple® Teach something you do not know.
Choose a topic foreign both to you and to your students. You will
not ‘‘teach’ the subject in the ordinary sense of the word; in-
stead, you and your students will explore the subject together.
You will lead when necessary, but frequently you will find yodr
students leading—a situation they will enjoy immensely. The best
topics to choose are those where the answers either are not known
or cannot easily be found. When you do this, your teaching be-
comes nothing less than true mathematical research, and .the
questions you pose and the answers you discover are real achieve-
ments in the academic world.

The natural difficulty with this approach to teachlng is finding
suitable subjects. After all, the subject must be relatively unex-
plored (at least by you), it must be easily comprehensible to your
students, and it would be nice if it had something to do with the
rest of what you teach. A temporary solution to this problem (any
solution to this problem must, by definition, be temporary) is this
booklet. Each chapter is devoted to a different system of numera-
tion. Nearly everyone will be familiar—perhaps too familiar—with
the chapter on bases. Some will be familiar with a few others, but
more than half these systems were written only for this booklet
and have never, to my knowledge, been explored. .

A system is explained in each chapter, with examples, exer-
cises, and answers provided. From there, you are on your own.
Occasionally | shall suggest a possible line of inquiry, but in gen-
eral, you and your studgnts should systematically explore the
possibilities and limitations of the system, such as what numbers
can be written in the system, whether one number can be written
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in more than one way, or whether nutmbers can be added or multi-

. plied in the system.

The material is aimed at the seventh-grade level and above,
although bright sixth graders should have no difficulty with it, and
certain chapters (5 through 9, 12, and 13) could even be given to
fifth graders. The ‘‘Harder Stuff" at the end is for students who
have completed half a year of algebra. You will find that the sys. .
tems given here are related to the standard qurriculum, working
with these systems, a student cannot help but improve his facility
and familiarity with number$~integers and fractions, positive and__
negative. ‘

The very nature of the teaching technique forbids me to give
you the answers, or even the questions. (I do not know all of them
myself.) Frequently, the greatest steps forward in mathematics are
taken when someone asks the right questions.

Good luck!

viii
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FRACTIONS

The ancient Egypti%ns did not write fractions the way we do.

° They had no symbol for g g but they did have symbols for é :1,,

111111 and so on. The§e fractions are called unit fractions

.45678Y9
because they have a 1 on top. The Egyptians used these fractions -

to make other fractions, like g and g, for example, they might write

% as %— + % or they could write % as %— + % + % This was the rule:

ﬁite the fraction as the sum of two or more different unit fractions.

For example, they couldn't write gas % + %; they had to use differ-

ent fractions, like % + % They couldn’t write the fraction %as% + %;

I 1,1 1,1, 1 1,1
they had to write it as 3tigory+ 10T 209k + 5 + 35

‘Write these as the Egyptians might have written them:
1. 3.

2, 4,

DOV &lWw
olw oilw
[« < R NEN..1FE,]

Although the Egyptians had a symbol for j;_ we can carry the rule
_ one step further and say that any fraction must be expressed as at
least two different unit fractions. For example, to express j;_ you

have to write % + %; and you can’t just write %—you have to write

1,1
3t 56

\‘ !
g v




Wirite these as the Egyptians mighi have written them:

1 1 - 4
1. 3 10. & 13. 9
1 1 5
8- z 11- § 14- -9—
1 2 7
9- g 12- g’ 15- g

Maybe you can find a system for writiﬁg thesé things.

16.

ol o




Here are some examples of fracin:nals:
3.2 .6.4.3. 2.2.3.7.
(Here is what they mean:

- 1 1 1 1
32 =3+3%3=3%5=2

1,1 1 16 2
“ftatn=n=g

Figure out these fracimals:

1. .2 5. .3.3.3.2. 9. 5.2.3.
2. 5.2. 6. .4.3. 10. .5.2.4.3.
3. .25. - 7. 443 11. .35.2.
4. 33.2. 8. .26.3.

You may not use 1's in fracimals. If you could, they
. would be too easy to write. For example, if you wanted

to write 1—73 you could just write .13.1.1.1.1.1.1. ..But this
is illegal; the right way to write it is .2.13., or even
3.2.5.7.13. . y

Write these as fracimals:

1 2 3 /

12. 3 15. 3 18. 2 21, g 2.
1 2 ' 3 5

13. 3 16. 5 19. g 22. g
1 3 5 4

14. 2 17. 5 20. g .23, g

| think there are some patterns, but I'm not sure.
See if you can find any.
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FRACTHNS

In chapter 1, we saw a way to write fractions using only unit frac-
tions, that is, fractiorts with a 1 on top. Another way is to use con-
tinued fractions. Before | explain it, remémber one important fact.

1.6 -
a a -
b
For example,
1 3 1 7
272 Ten
, 3 -7
Now, here are some examples of continued fractions:
W IR SN S E L
1+5¢ pp— . A+ — 73—
7+§ 2+——1—-
N 5'*'_3
. 3+3,
What do they equal? .
. 1 .1 4
» 1+§=1§, or 3
2+———1~1=2+—li=2+~;—=2+g=%9.
14z 1= =
. 6 6 6 -
7+ 3 75 5
3 3 3
1 1 22 160
LT e e




1
1+ ] " :
4+ 1 ) 2+ i
2 + 3 sr L
5+—i 7
1 14 ‘
4+ i .
2+—— £
1
A
2+ 33 37
> - 1 \
1
=l+——g =1+ ’
4+ 35 31
| Co8l M )
=1+37= 3]
3 ’ ?
Simplify: 1
" R .
L1+; 24%
1
2 2+“—1
2+§
; 8. 54—+
1 . :
3.3+3 s
L 343
: ?
6 4+ —
1+§
5.2 4 —1 .
! 9. 2+ T
T3 ‘ 2 + T
1 2+2 :
S
6. 1+ ] :
L 2+ 5
2+'3'




Write as continued fractions:

1.3 R L
2 3 g
B33 1. Y
ul 1.3
5.8 2. 3

L

There must be an easier way to do these! Hav

4

" 2L

8

(3]

13
8

21
23. e

34
24. 5

79

22,

25

u4—7‘

e you found one?




Discontinued fractions are just like continued fractions except
7f‘hat all the + signs are changed to ~ signs. For example,

1

SR
!
3=
5 ) . 2
is calculated i£ the same way as the continued fractions:
1,1, 1 L, 1, 5_4
P Sk Wk Akl g R €
"5l 5 5 5
2 2 .
Simplify:
13-3 5. 4 — -
. 1 .
1 -
22--" 2ol
-3 i
32—t .
1-2 6. 1 - 1
1 2= 1
4, 3'— 1- \
C 1 ) 1
T 1 -, 1
2~ 23
: 4 2
. Write as discontinued fractions:
1 20 4
7'5, 10:7 1.3
2 1 3
8.3 . 1. 3 4. 3
8 1 117
'9.§ 12.4— ‘15.75-
N
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‘ What does the fraction 5 mean? It means 4 + 5,
and if you divide 4 by 5, you get .8, which is another
name for% In other words, a fraction is just another
name for a division probIem—that is, every fractlon
b is equal to a = b.

A friction, however, is another name for a subtrac-
tion problem; thus—g—is equal to a — b. Fgr example:

- 3 .
- = 3-2 = 1
Y
3 =13
_8__
2 =3
What numbers do these equal?
1. &
4
3
‘ 2. —8_
21
3 365
Write as frictions:
4, 7
5 -9
6. 37

You know some special rules for adding, subtract-
ing, multiplying, and dividing fractions. Now try to
find some rules for working with frictions. My students
found ways to add and subtract them, but we couldn’t
figure out how to multiply them.




A zerone (rhymes with tone) is a sequence of ones with
one zero in it, like this:

1101z, 10111z, 011z, 110z

| put the z there so they won't be confused with base 2 (see
chapter 12); z stands for zerone. This is how you figure
them out (start at the right):

In 1101z,

the 1 means 1 1
the 0 means 0+1 1
the 1 means 14041 2
thelmeansl+1+04+1 | + 3

And so 1101z is equal to 7.
\

Likewise, 10111z means

011z means




and 110z means

0=0
140=1
1+140=2
-3
Figure out what these equal:
1. 1017 3. 11011117
2. 11011z 4. 1111111107
Write these as zerones (r\emember to use only one zero):
5.1 9. 13. 9 17. 13
6. 2 10. 14. 10 18. 14
7.3 11»\./ . 15. 11 19, 15
8.4 12,8 . 16. 12 20.- 47

Most of my students liked zérones.-
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Squarimals look just like zerones, with this exception. you are
allowed to have as many zeros as you like. For example: 1101q,
10101q, 01001q. (The q stands for squarimal.) This is how you figure
them out (again starting at the right):

In 1101q, _
the 1 means Mz 1
the 0 means 0+ 1) 1
the 1 means 1+0+41)2 4
thelmeans(1+14+0+1)2 [ 49
15
And so 1101q is equal to 15.
Similarly, 10101q means
Mr=1
0+12=1
_ A+0+D2= 4
- V+14+041)2= 4
1+04+140+1)2= 9
9
and 01001q means
=1
0+1)2=1
g 00+12=1
(1+0+04+1)2= 4
©+140+0+1)2= 4
11
Find out what these squarimals mean:
1. 001q . ' 4. 100101q
2. 1111q -5, 1001001001q

3. 0101q . 6. 0lllq




—

Write thése numbers as squarimals (try to use as few zeros as

possible):
1.2 dl. 16 15.
8. 5 12, 17 , 16.
9. 10 13. 21 * 17.
10. 15 14. 29

| would like to know a lot more about these numerals!

37
53
129
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A pherocimal is a sequence of ones and twos, like this:
2122p, 22121p, 121p, and 212122p. (The p stands for pheroci-
mal.) You are not allowed to have two ones together, but it
doesn't matter how many twos are together. This is how
you calculate them (start on the right):

In 2122p,
the 2 means 2 2
the 2 means 2 X2 4
the 1 means I1x2x2 4
the2means2x1X2x2 | +8 b
18
And so 2122p is equal to 18.
in 22121p, .
X 1=1
2X1= 2
Ix2x1= 2
2X1X2X1= 4
2X2X1x2x1=_8
17
In 121p,
‘ 1=1
- 2X1=2
IX2x1=2
: [

13

f
L TR 4

o




And in 212122p,
‘ 2= 2
2X2= 4§
1x2x2= 4
2X1x2x2= 8
1X2X1X2Xx2= 8
2X1Xx2X1x2x2=16
. 42
What do these equal?
1. 221p
2. 12122p
3. 21212p
4. 22221p .
5. 221221221p
Change these to pherocimals (remember you can't have
- two ones togetherf: -
6.1 10. 5 - 15. 10
7. 2 11. 6 16. 19
-8 3 12. 7 17. 23
9. 4 13. 8 18. 45
14. 9 .
Keep exploring!
-

L ST

23
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Super pherocirﬁals look exactly like phérocinfals, but they are

slightly different. Here are some examples:

22122$p, 222121$p, 21sp :
The sp stands for super pherocimal, and here is what you do with

them:
|n221225p, i .
2 = 2
2X2= 4 .
1X2X2= 4
2X1X2X2= 8
2x2x1x2x2=|+16| |+ _
22— 12 and 22 — 12 = 10.
And so 22122gp = 10.
For 222121sp, - N,
. 1= 1 .o v
2X1= 2‘
1x2X1= 2
2X1X2X1-= 4
2X2X1x2x1= 8
/ 2x2x2x1x2x1l=__ 16 * -
' % 1-2 ¢

and 11— 22 = —11. So 222121sp = —11|

In 221$p,

1=1 .
2X1=

2X2X1=

4y

fo

4

4
5—

2

2

ta

&




and 5 2 = 3. So 21sp = 3.

Figure these out:

1.
8.

22222215p
A2A22121215p

Change to super pherocimals (as Before, you can't have two ones

1. 2125p . 4. 122sp
2. 212sp 5. 121225p
3. 2121sp . 6. 12121225p
together): _
9.1 14. 6
10. 2 15. 0
11. 3 16. -1
12. 4 17. -2
13.5 18, -3

19.
20.
2.
22.
2.

-4

-5

-6

17

_]_7 -

These numerals are pretty crazy, but | sort of like them. | wonder
if there is an easy way to change a pherocimal into a super phero-

cimal?




Continued frictions are like continued fractions (remember
those?), but with three differences:

1. Use frictions instead of fractions.
2. Use X instead of +. N
3. UseonlyI'sand 2’s,

Here are some examples:

&
These are easy to solve:

: 1x-§-=1'x(1—2)=1><—1=—1




A4

Since the numbers on top aren't important, we can write each
continued friction as a sequence—for example, the three con- .
tinued frictions above would b& 12¢, 122¢, and 21222¢ (the ¢ stands
for continued friction). Slmllarly, 2212¢ would be expressed like

this:

2x---1 1 '
2 X===—-
1x =
Compute these:
L 2 X'_;_' 4. 22¢ : 9. 221¢
5. 212¢ 10. 22121¢
2. 2x--3-- 6. 1212¢ 11. 2212121
1X == 1. 2122¢ oo 12, 1222222
_ '8, 12122¢ 13, 2212212¢
31X -==25--
2 X~ ="
1X =

Write these as continued frictions:

14. 1 18. 5 ° SR R

15, 2 19. 0 t 28 -5

16. 3 20, -1 25, 13

17. 4 2. -2 26. —13
22. 3

| have to admit this is a pretty strange number system, but |
think-there is a pattern somewhere.

-




> About two hours after | finished that tast chapter, | suddenly
thought of this: Suppose we take the continued frictions and
change all the X signs to + signs. | tried it, and | redlly got into a
mess. For example:

o1 N RS S
17-5:—:1-:—172+_1—1 _2‘—1-.-3—3
and )
Y. N U SRR U S S
1+ —— 1 = ____1____ 1 = 1 1+2
'14'__1_ 1--1 -~ |
T2
1 L
=2—-1-=272—4
2

Again, only the bottom numbers are important, 'so we can write
them in a line. In other words, the two examples above would be
written as 122d and 2112d (the d stands for discontinued friction).

As soon as | started to explore this, | ran into trouble. | won't
tell ygu all the problems | had, so you can have them too, but | will
tell you about one of them. | wondered if | could write any n{imber—
positive or negative, integer or fraction—and so | picked ah inno-

cent-looking fractio'n, 17’; and tried to write it as a discontinued

frictibn. Two hours later, | finally had it: ‘7‘ = 212122211224
" Find out what these are:

1 1 5. 212124

1 1+-am 3 1ot ___
2 o 1ol _ 6. 112224
2.2+ —'—-1--1 2+ -;_-, 7. 22224
B . 11112
1+-3 4. 11124 8 111124

9. 2112211221224

Try writing these as discontinued frictions:
0. -2 1.5 125  (Hint: They are all short ones.)

If you can make some sense out of this system, please let me
know!

19




You probably know already that we generally write numbers in
base 10. This means that in a number like 3,479 each digit means
’ something:

“ the 3 means three 1,000's 3,000
the 4 means four 100's 400
the 7 means seven. ,10's <70 4,
the 9 means nine  1's + 9.
3,479
" Every number in base 10 fits the following pattern: ’ >

. [100,000] [10,000] [1,000] [100 . .

But this pattern can also be written|as
i [mxmxmxmxml [Ox\lﬂ_x/}(}xlol

|1o><1o><1o|\Lo><1o] [10] l

which shows you why we call it base 10. It also shows you how we
could set up a different base—for example, base 6:

- |6X6Xx8x6x6] [6x6x6x6]

N ‘, © [6x5xs] [6x86] [6] [1].

which is the sameas

| \ - [1.776 1,296]/[235‘. a
2 |

59 - .
1 , «f« . ) )
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'Fou_f example, this is what 3452 means in base 6:

the 3 means three 216's 648
the 4 means four 36's 144
the 5 means five  6's 30
the2Zmeanstwo 1's + 2

824

So 3452 in base 6 is 824 in base 10. Since 3452 can mean different

things in different bases, we write it as 3452, when we mean base 6
and simply as 3452 (or 3,452) when we mean base 10.
Write in base 10:

1. 35 3. 133, 5. 23451,

2. 41, 4, 352, ‘

Notice that we don’t need to use the digits 6,7, 8, or 9when writing
in base 6. If we want to write 7 in base 6, we don’t write 7,; we write
11,. When we want towrite 48 in base 6, we don’t write 80,; we write
120,.

Write in base 6:

6. 9 9. 35 12. 215
7. 19 10. 79
8. 37 11. 333

We can write in other bases, too—for example, in base 2:

o [exzxex2zxex2] [Zx2x2x 2% 2]

[2x2x2x2] [axexz] [2x2] [2] " [1].

red

or

el o 8

Write in base 10:
13. 10, . 15. 1011, 17. 100010,
14. 11, 16. 110101, 18. 111111,

In base 2, we use only the digits 0 and 1.
_In base 3, we use only thedigits 0, 1, and 2.

In base 6, we use only the digits 0,1, 2,3, 4,and5. ~

In base 10, we use only the digits 0, 1, 2,3, 4, 5, 6, 7, 8, and 9.

N 21




Write in base 2:
19, 3 . : 2. 18 25. 30
20. 6 2. 36 26. 79
21, 9 i 24, 72 27. 127

Write in base 3:
28, 4 3.5 34, 135
8. 13 32. 15 35. 101
30. 23 33. 45 ' 36, 242

Write in base 5:
37. 7 40, 8 43. 199
38. 13 41, 40 44, 624
39, 28 42, 200 - ‘

Numbers can ‘be written in any whole-number base. Each base
is a numeration system, or a system for writing numbers. Com-
puters use base 2, but I'm not sure what the other bases are good
for.




T -

There is no reason why a negative numnker can't be a base; for
instance, here is base —10:

oo |=10X =10X =10 X ~10 X ~10] [~10 X =10 X —10 X —10|

[-10x -10 x -10] [-10x -10] [-10] [1],

which is the same as

e [=100,000] [10,000] [-1,000] [100] [-10] :

For example, in 835_,,,

the 8 means eight 100's
the 3 means three —10's
the 5 means five I's

So
83510 = 800 — 30 + 5 = 775.
Write in base 10:

1 4. 3. 10210 T 5. 36710
2. W10 4. 348_10 6. 83649_10
Write in base —10:
1.7 14. 190 2. 9
8. 100 15. 177 22. 999
9. 105 16. 488 -7 23.9,99
10. % 17. 12,224 24, 99,999
1. 9 18. 4,675 25. ~10
2. & ‘ 19. 2,788,265 26. —36
13. 83 20: 3,456,738,214,331  27. —1,265
23
h->
+ Xy
o= 32




Base -2 is also fun:

-] & = 6 =3 [4] 2

Write in base 10:
28. 101,
2. 1101,
30. 10111,
31. 10110010,

Write in base —2:
32.5 3. 2 ! 42, -1
33, 2 38. 23 4, -3
34,3 ° 39, 56 - 44, =13 °
35, 12 40, 57 85, -37
36. 13 41, 143

Write in base —6:
46. 13 y
47. 27 I
48. 53 : .
49, 148 o
50, —23 ' . -

. Write in base —3:

51. 13

52. 21

53. 53
. 54,148 .
h 55,__!:;?1‘23': - . .




" This system looks a lot like base 3 and base —3. You use the
same pattern:

[3><3><3><3><3] [3><3><3x3J

‘J . Fx3x3] 3x3] 3] l
hat is, :
(] ool

But instead of using the dlglts 0,1, and 2, you use 0, +, and —
The + means +1, the — means —1, and the 0 means 0. Here are

some examples:

For +~0+ in balanced ternary, For —++0—+, -
the + means +1(27) +27 the — means —1(233) . —243
the —“means -1(9) -9 the + means +1(81) +81
theOmeans O3) -- | 0j- the 0 means  &9) 0
the + means +1(1) ' 41| - the — means —1(3) -3

; ‘ "o [#19)  thé + means +1(1) 4T
. . -137
Writ in base 10: . _ .
1. +- , 3. +00—+ - 5 +—0+-0 - |
2, —+0 T8 ——04-— 6. +-000—+ \
Write in balanced ternary: « : ‘ e ‘
7.1 J 12. 25 18, -1
8, 2 13. 43 .19, =17
9. 3 14. 164 20.»-25
10. 12. N LI .2 43

1. 17 .16 -2 2. 164
\ 17. -3 (o




The base-10-system is sometimes called the decimal system.
With the decimal point, the complete base-1Q system looks like
this: "

10,000][1.000][ao0][10][1] . | &1l ﬁmﬁ

. For example, when we write .234,

- 1 2
the 2 means two 16° 0
1 3

the 3 means three 'WOS . 100-
. 1 4

the 4 means four ms 1000

-

So S ,
‘ 2.3 4 234 i

24 = 165+ 106+ T000 = 1,000 = 500°

AWhen we do this with base 6, we get heximals. The complete '
heximal system looks like this:

.- [1296] [226 36 ][e] 1] z% %

The point, of course, is called”’a heximal. point. Here are some

examples:
2=t}
Tt 2=l
2.3 4 9%
e = &+ 35+ 216 = 716 = 108




N~
Write these as fractions:
1L 5 4. .333
2- .23,‘ ‘ 5. -5556
3. .105,
Change to heximals:
1 2
6- 6\ 10- §
2 1
7- 6 11. 3—6
1 1
8. '3" 12. '1_8
1 o 1
9. i . 13. '1_2'

Remember, in base 6 use only the digits 0, 1, 2, 3, 4', and 5.

Keep going:
oui g 2. 3
e 15. & , .l 21
16. § I 2 3

You can do the same thing in other bases.
Y-

1, . .
Write 7 in:

23, base?2 s " ‘
24. based - ' ’ E
: < 25, base$8 ’ * -
. J 2. basel0 :

o
A . N :
Don't stop Qoere. Keep exploring with more bases.




res

Of course, we can do the same thlng in -—6. The negaheximal
system would look like this: :

EREEEEE —— o

The point is calied the negaheximal point. Some examples:
. 2

. L = -6-_

11,=1-

203_6-—2+36 21—2

Write as fractions:

1. 1., - 2. 1.4, 3. .14, 4, 2.13_,
Write in base —6: . 4
\ 1 1
5. o8 %, . 3 U %
6 1 g 1 1 1
"3 18 2. -5 15 -3
1 1 1
7. 3 )10. 9 13 —5 16 —%
Write in base -10:
1 7 17
1?. 3 19. 5 21, —%
‘ 3 17
18. m 20. 2_5'
’ Write% in these basés:
2. -2 ' 23. -4 24. -8

See if you can find out more about these bases than | have.
¢
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We can do the same thing with balanced ternary:

- EEEEEED - [J3EHRE

The point is called the ternary point. Here are some examples:

L U+ =5+5=73

Compute these: 5

Lo++ 3. —+ 5. +0—.00+—+
2. 4+~ 4. +0.——
Changé to b‘alanced ternary; |
6. 3 w0 2 u, -
7.5 n 3 5 -1
8. 5 12 -3 16, -3
9, § B. - 7. -8

Do you think this is a good system? Good for what?




From now on, MOwn. I'hope you had fun, and | hope

you found out a lot about these numerals. |f you did, please write
me at the address below and let me know—there are a lot of mys-
teries I'm counting on you to solve.

There is no reason why you have to stop now; there are several
things you can do. Here are a few suggestions:

1. Make a chart comparing base 3, base —3, and balanced ter-
nary. Since they all are based on the same chart, there should be
a connection between them.

2. Makea chart comparing base 2, base —2, zerones, squarimals,
pherocimals, super pherocimals, continued frictions, and discon-
~ tinued~ frictions. They can all be written as a sequence of two
things—some use 0 and 1, and some use 1 and 2. There should be
a connection!

‘3. Invent your own numeral system! It can be completely differ-
ent, or it can be based on one of the systems here. For example, |
think somebody could invent super fracimals, or maybe messimals.
Somewhere out there, fructions are just waiting to be invented,
and once you have those, continued and discontinued fructions
will be a cinch!

Let me know if you come up with something interesting.

Jim Henle
Room 2.247
Department of Mathematics
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139




For most of this stuff we need a formuia:

i—l—s=1 at+at+ad4at+a’+ -

For example:

Harder stuff from chapter 2: )
Do you remember what .333333... means? This is ordinary base
10, and it meahs this:

3 3 3 3
107700+ Too0 H 0000

By our formula, this equals




v

»

We can do the same thing for fracimals. For. example:

3 1.1 1 1
33333 =3ttt I3 T IR IXIxRI T
i, , 1, 1 1

=§[1+§+3x3+3x3x3+."']

b @)

ria_rig_ 1,3 31
T3 11TY 2 |T3%27672
3] L3

These are called repeating fracimals.

Evaiuate these:

A 22222... C. 5.55. ...
B. .444. .. D. .2.32323...

Harder stuff from chapter 15:
We can also have repeating heximals. For example:

: 3 3 .3
.33333...6_5+3%+§1-6+1_E + .

Lol -0+

y_1 7. _3,06_18_3
6, 1|78 8| 67°5730"5
6 6

Try these: ) l . B
E. .1111.., > G. .4444...,

F. .2222..¢ H. .232323...

i

Harder stuff from chapter 16:
We can also have repeating negaheximals. For example:

5 3,3 3 3
.33333......6= —‘6‘+‘33—m+i:2—§—6-—+ e

L) o))

Il
|
N
—
|
A ’_‘
|
=
N’
—
Il
i
Dl
O’?I\IID—I
| I
Il
|
Sl w
X
~lon
Il
i
-hl»-
[~ ]
il
|
~If wo
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See what you can do with these: ]
R & § T K. 1.5585....s -
J. 2222.... L. .232323...
Harder stuff from chapter 17:

We can also have repeating, balanced ternary. Here's one ex-
ample:

— 1 1 1 1 1
A+++ﬂ§=§+§+§+ﬁ+-~=§
Another example: g
— __1_1 71 1,
:=0-0-0... = —3-% 243“2,187\‘ -
1 1 1

3

I

§—1+§ ﬁ+7—29+%--']

M, , 1, /1\2 [1\3
=—§—1+§+('9'> +<§) +]

1 9

3 8

_ Y 1o 1. 1,9 9_ 3
P e I i R A
179 9 . :

R 0. .0-+0+0+...
N =t P. .—4—+..
Harder stuff from chapter 3: — -

We can have repeating continued fractions too, but they are a
little harder to figure out. For example:

2+ .11

2k 1 —
24 5

To find out what this is, call it X. Then we know

1_ 1
X a4 11
24 :

2.+
2+ -

which is also eqﬁal toX -2




So we have)l—('= X —2,sincel = X? — 2X, X2 — 2X — 1 = 0. Using’
the quadratic formula we find that ’

X = 2:1:\/ 4— —4 2:}:2\/3 2:1:2\/—2_1:}:\/—

‘t and -sipce X must be posmve,

=1+ \/_
- Try these: ) - =
- Q. 3+ . s 4 —1—
s N ’ 34— 44— .
34 - ‘ 4+ .
R 14— T 14 S
.- 14— 24 - 1‘
. 1+ ¢ . P . 1 + 1 ’ 4
‘ L T S
1+
o . 2+ -
s ‘I\Harder s;uff from chapter 4: - .
. I'd fike to do the same thing with discontinued fractions, but I
,/ can't always do ity For example,.if ;
' . : X=1- %
S A
a ’ 1—
- \
thenweget . ' N
, Therefore, X2 — X = —1,andso X2 — X +1=0.Thus~ "=
. . ’“.‘ . . X=1:hVI2~4,

~which is impossible.




Some of these repeating discontinued fractions do work if you re
lucky. If you like, you can try these

1
U. 2—
g1 ‘
2 —
1
V. 3-
s 1
3_
W. 2— 1
- 1
1
2 — —
- 1
1
2 —
- 31—
q f .
X, & — L
T 2_ -
1
1._
\2’_

A

Harder stuff from chapter 11:

Egad! Repeating discontinued frictions? Well, | don't know. Try
them! | wish you lots of Tuck!




THEEE IS
NO BIBLIOGRAPHY

A bibliography is a list at the end of a book. The list tells
you where you can find out more about the stuff in the book.
This book doesn’t have a bibliography because most of the
stuff in it is new, and nobody else has ever written about it.
So if you want to read. another book about these systems,
you'll have to wait until you of somebody else writes one!

»
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1. Egyptian Fractions

1,1 1,1 1,1 1,1 1,1 1, 1,1
1°§+Z 2.2 3 3'§+iﬁ 4 it3 5.'2+§ 6 R

1,1 1,1 1,1 1,1 1,1
7.a+ﬁ 8 §+'2-0 9.§+ﬁ 10 7+ 11 0+ %

1,11 1,1 1,1 1,1 .1, 1,1
12.§+‘1"d+9—0 B.3+5 W 5t 18 st tstigte

1,1,1
16'§+§+i§ .

2. Fracimals B ,
"1 3 3 1 1 1 1 11 1 1 13
1.-2-2.-17)3.34.25.-2-657.58.i§9.§1031130
12, 2 13, 3. 14, 4. 15, .23, 16. .35. 17, .25. 18. .22 .

19, 42 20. .24. 2. 222. 2. 223 2. 33 4. 233

3. Continued Fractions

12 5 2 14 5, 47 52 29 g, 157 9. 169

6
L. 235 3.5 43 S5 6.5 _7'12 E Ry ]
U N RE SRR S ST | VIGUD S PRPRAS

08 3 3 —i
RLAP I T [ P 17.1+.;1—1—

141 241 24—

3 3 oy

. . '+3.

181+ —L1s 8. 1+3 20, 14—

6+ —15 1+1
2+§

2.14+—5 2.1+ L -

1471 1+ )
1+'2 1+—1




3.1+ — 11 4.1+ 11
14— — 1+ .
I+ 1 1+ I
1+_i' v 1+ 1
143 1+ -1
1+§q"-
25. 1+ L
14+ ——
2 +—3
7+§
4; Discontinued Fractions
1,13 ,2 ,2 .2, 3 1 1 . , 1
1.-4—.2.-8— 3-§ 4-§ 5-§ 6-2 7-1—'2 8-1"'§ 9-3_'3'
10.3-3% 1m1--1 21—+
7 1 1
2—2 2__]-.
2_...
2
13, 2 - —L_ 14, 1 — —1 15, 3——1 _
o _1 P y
2 : ;1 6
3
5. Frictions . -
. ) 8 . 1 39
1. 2 2. —'5 3. _94 - 4. _1‘_' 5. _'i'o_' 6. —2\—

6. Zerones

1.4 2.12 3. 25 4. 36 5. 10z 6. 01z 7. 110z 8. 101z 9. 011
10. 1110z 11. 1101z 12. 1011z .13. 0111z 14, 11110z 15. 11101
16. 11011z 17. 10111z 18, 01111z 19. 111110z 20. 11111110117

7. Squarimals

1.3 2.30 3.10 4.23 5.5 6.23 7.0lq 8 llg 9. 0l0lq
10, 1101q 1L 11001q 12 11000lq 13. 1010001 14, 0101001q
- 15, 11010001  16. 10010101q  17. 0111110014

h 4y




- 2 ey s S a ~ ot
- S - R i P
- - e L . - - Tt L

[y _ L e T e el T
pm Tt P T

. 8 Pherocimals - - e e

1.7- 2.26 3.720 31514761p L2p & 2p 98.12p .
10. Rip 1. 2p 12 21p 13, 212p 14, 2121p -.15 122p
16. 2221p  17. 1221p 18 a22121p i ]

9. Super Pherocfmals» . -

L4 2.-4 3.5 42 52 62 7.4 8 =63 4 lsp
10. 2sp 1. 221sp 12. 212sp 13. 22121sp 14. 222sp 15{ 12sp
16. 21sp 17. 22$p 18. 2121$p 19. 22125p 20. 221sp 21. 222sp
2. 21212121sp P 2121221sp :

10. Continued Frictions

1—2243—34—2546.—37—-48592
10. 2 11. 2 12,43 13. 26 14. 1c 15. 2¢ 16, 122¢ .17. 212¢
18. 12122¢ 19, 21c  20. 12¢ 21. 22¢ 22. 1212¢ ' 23. 2122¢ - -
24, 1222¢ 25, 1212212¢  26. 122212¢

‘11, Discontinued Frictions

L -1 2.1 3} 42 5 impossible 6. % 7.6 8 -1 8 %
10.2d 1. 22d 12 112d o

12 Number Bases

1.3 2.25 3,57 4 140 5 3415 6. 13 7. 3, 8 101, 9. 556
10. 211, 11. 1313, 12, 555, 13.2 14. 3 15 11 16. 53 17. 34
18. 63 19. 11, 20. 110, 21. 1001, 22. 10010, 23. 100100,
20, 1001000, 25, 11110, 26, 1001111, 27, 1111111, 28. 11,
29. 111, 30, 212, 31. 12, 32, 120; 33. 1200,  34. 12000,
35. 10202, 36, 22222, 37. 12 38. 23, 39, 103,  40. 13
a1, 130; 42, 1300,  43. 1244, 44, 4444,

13. Negative Number Bases L - .

1.4 2. -6 3.102 4, 268 5 —2469 6.7759 7, 710
8. 100_:0 9. 105_;0 10. 1100 11, .111 12, 122, -
13. 1630 14, 210_,0 15. 2370 16, 52850  17. 28384_;,
18. 16735,  19. 3392345,  20. 4664879826477_.0  21. 119_,
22. 19019_10 23. 10019_10 24, 1900019_10 25. 10_10 26. 44_10 :
2]. 28750 28. 5 29. —3 30. 19 31. —146 32. 101_, 33. 110_,
34, 111, 35. 11100, 36. 11101, 37. 1101010, 38, 1101011_,
39. 1001000_, 40. 1001001.. 41. 110010011_, ‘42. 11, 43. 1101_,
44, 110111_, 45. 101111 .  46. 141, 47. 123, 48, 245
29, 404_, 50. 41_, 51, 221_, 52. 12000, 53. 11012_,
54, 21221 , 55. 1121,

39




14. Balanced Ternary .

1.2 2 —63.79 4 —106 5 168 6. 488 7. + 8 + — 9. +0
0. ++0 1. +-0- 12.40-+ 13 4 - ——+
4. +-00+— 15.- 16—+ 17.-0 18 ——0
9. — 40+ 20. —04- A —+++- 2. -+00-+

15. aHeximalé

5 o5 o 4l , 43 . 25 |
1. 3 2. 17 3. 516 4. 7 5. 16 6. 1 7..26 8 .2, 9. .3
10. 4, 11. .01, 12, .02, 13. .03, 14. .05, 15. .11, 16. .13,
17. .24, 18. 1.1, 19. 1.3, 20. 4.2, 21. .111, 22.°.043,

23, .1, 4. .2, 25. 4 2.5 v

16. Negaheximals

-1 1 1 23
1. -5 2, 3 3. 13 4. ﬁ 5. 15, 6. 14 7.13, 8 .01,

9. .02, 10..04, 11.153, 12..1, 13. .3, 14. .15,
15. 12, 16..23s 17. 15,0 18. 1.7_50 19. 26_10 20. 1.48_ro
2. 72, 22.11. 23.12.. 24 14 X

17. Balanced Ternary Again

2 2 . B 7

4 - ~
1.§ 2.§ 3. -3 4."§ 5.8243 6. .+ 7. .04+ 8 +.0-

9. +.—+ 10 +.-—+ .
3. .0— © 14 —.0+ 15. — .
7. — .+ + + -

Harder Stuff

1 1
A.1 B. 3 C.z

3
. 9
K5 Lo-x M -3

R-”—z‘@' s.2+v5 T

W. impossible X. impossible

>




